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Abstract—In this paper, we consider a delay-sensitive data
transmission strategy based on network coding technique in finite
fields over error-prone networks. In order to solve all-or-nothing
problem inherited from network coding, compressed network
coding is proposed by jointly considering network coding tech-
niques and compressed sensing technique. While network coding
techniques have been jointly used with the compressed sensing
techniques, network coding operations are performed in the field
of real numbers, and thus, the payload of transmitted data can
be enlarged as the data traverse more hops in networks. In this
paper, however, we propose to use network coding techniques in
finite fields, such that the size of payload does not increase as
more hops are traversed. With the help of compressed sensing
technique, a destination node is able to approximately recover
the source data based on l1-norm minimization approach, in
case of innovative packet loss. It is analytically shown that the
payload size of the proposed approach is always smaller than
that of the conventional approach, while the proposed approach
can achieve comparable decoding performances. We evaluate the
effectiveness of the proposed approach based on an illustrative
application of image delivery system.

Index Terms—Network coding, Compressed sensing, the Galois
field, In-network compression, Delay sensitive data

I. INTRODUCTION

Network coding has been considered as a new paradigm

to overcome the limitation of network throughput by ex-

ploiting path diversity. Instead of simple forwarding, interme-

diate nodes in a network combine incoming packets based

on simple processing operations and forward the combined

packets into their neighbor nodes. As advantages of network

coding, efficiency of resources (e.g., bandwidth and power)

and computational complexity, and robustness against network

dynamics are widely studied [1]. In [2], [3], the throughput of

a network can then be increased to reach the max-flow capacity

is presented. Based on these advantages, the deployments of

network coding in various scenarios where the path diversity

is significant are considered in [4], [5].

However, network coding has a critical drawback in prac-

tical aspects so-called all-or-nothing problem: client node

cannot recover any information from received data, unless it

receives at least the same number of innovative packets as
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originally combined together. While this may not be an impor-

tant issue for delay-insensitive data transmission (e.g., general

file transmission), it becomes critical for delay-sensitive data

transmission (e.g., multimedia streaming) because there is

usually a moment when data packets should be decoded (e.g.,

playback deadline). Thus, the whole decoding process may

fail even if a single network coded data packet is not ready

for the decoder at the moment of decoding.

In order to overcome all-or-nothing problem of network

coding for delay-sensitive application over error-prone net-

works, a few approaches have been proposed in the perspective

of regulations. For example, in [6], an approach of approx-
imate decoding is designed for delay-sensitive application,

where it exploits a similarity in source data and uses the sim-

ilarity in the process of decoding. The approximate decoding

approach has been improved by targeting a linearly correlated

source model [7] and by considering the position information

matrix in [8]. Moreover, an iterative decoding algorithm based

on belief propagation is proposed in [9] and [10] uses a coding

scheme as combining network coding and multiple description

coding.

Alternatively, there have been approaches to solve the

all-or-nothing problem based on compressed sensing [11].

Compressed sensing takes advantages from the sparseness

or compressibility of signals in some domains, allowing the

entire signal to be determined from relatively small number

of measurements. A pioneer study of compressed sensing

approach for network coding is [12], which exploits spatial

correlation of sensor network data and operations are per-

formed in the field of real numbers (R) with a finite precision.

The coefficient matrix of network coding is generated based

on the Bernoulli distribution. Its practical study is presented

in [13] that provides experimental results in a wireless sensor

network. In [14], an issue related with energy efficiency of

network coding is discussed as a network utility maximization

problem. In [15], the efficiency of joint source-channel coding

scheme is highlighted based on the analysis of restricted

eigenvalue condition in sensing matrix. Several approaches

that jointly consider the compressed sensing and network

coding techniques in a variety of scenarios are found in [16]–

[18].

While these studies successfully deploy the compressed

sensing technique to solve all-or-nothing problem, network

coding operations are performed in R. This may imply that
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TABLE I
SUMMARY OF NOTATIONS

Notation Description Field
x Source data set Rn×L

xN N th set of source data vector RL

xN (i) ith element of set xN R

Φ Compression coefficient matrix Rm×n

p Compressed data at source node Rm×L

pmin Minimum value in p R

s Transformed coefficient RL

y(t) tth hop RLNC encoded data set GFn×L

ỹ(t) First m received packets at t+ 1 hop GFm×L

yN (t) N th vector of y(t) GF1×L

C(t) tth-hop network coding coefficient matrix GFn×m

cN (t) N th vector of C(t) GFn

c
(i)
N ith element of cN (t) GF

Ψ Orthonormal transform matrix CL×L

the payload (i.e., actual data part of a packet to the exclusion

of overhead data) size can be enlarged as more hops are

traversed because of additive and multiplicative operations

needed for network coding processes. While this problem has

been tackled based on a quantization in [19], network coding

is still deployed in R.

In this paper, unlike prior works where they have been de-

signed in R, we propose an approach to solving all-or-nothing

problem of network coding based on compressed sensing

technique in finite fields (i.e., Galois field (GF)). Specifically,

at a source node, the number of source data sets becomes

reduced based on a random projection. At intermediate nodes,

random linear network coding (RLNC) is performed in a GF,

where the number of packets can be increased by considering

channel conditions in this step. At the destination node, the

data is reconstructed from compressed and network coded data

using a conventional l1-norm minimization. Note that the size

of payload can be kept constant since the network coding

operations are performed in GF. Hence, the proposed approach

can keep the cost related with communicational overhead

minimized even in case where multiple hops are traversed.

To the best of our knowledge, it is the first study that jointly

considers network coding and compressed sensing in finite

fields (GF).

The paper is organized as follows. In Section II, proposed

design of system is explained with source node process in II-B,

intermediate nodes process in II-C, and client node process

presented in II-D. In Section III, performance evaluation in

terms of payload size and experimental results are presented.

We finally conclude the paper in Section IV. In this paper,

vector and matrix are denoted in bold symbol. For reader’s

convenience, we summarize several notations frequently used

in this paper in Table I.

II. PROPOSED DESIGN

We consider an overlay ad hoc network, which consists of a

source node, intermediate nodes and a client node. The source

Fig. 1. Overall description of proposed design.

data are delivered to the client node through intermediate

nodes that are able to perform network coding operations in

GF.

At a source node, source data is compressed, such that

the number of packets required for data reconstruction at

decoder is reduced. This is referred to as compressed mixing
in this paper. After the compressed mixing, data in R are

converted to GF in order to prevent the size of payload from

being increased. Then, the packets combined based on RLNC

traverse intermediate nodes. The packets can be expanded by

adding redundant information such that sufficient packets can

be arrived at the client node in error-prone network conditions.

Finally, source data are reconstructed based on the l1-norm

minimization. This process is described in Fig. 1.

A. Requirements

Let xN (∈ R
L) be a set of source symbols, xN =

[x
(1)
N , x

(2)
N , · · · , x(L)

N ], where x
(i)
N denotes the ith element of

xN for 1 ≤ i ≤ L. In this paper, we assume that xN is

k-sparse in a domain Ψ, such that xN = ΨsN and

x
(a)
N =

L∑
i=1

ψ
(a)
i s

(i)
N

where sN = ΨTxN and s
(i)
N = 〈xN ,ψi〉. Let Ψ(∈ C

L×L) =
[ψ1,ψ2, · · · ,ψL] be an orthonormal transform unitary ma-

trix (i.e., ΨΨT = I) with L vectors such that ψT
i =

[ψ
(1)
i , · · · , ψ(L)

i ]. C denotes the field of complex number. Let

sN (∈ R
L) = [s

(1)
N , s

(2)
N , · · · , s(L)

N ] be a set of transformed

coefficients with k non-zero elements, where k � L. We

assume that Ψ is known at the decoder.

B. Compressed Mixing and Field Conversion at Source Node

At the source node, compressed mixing and field conversion

are performed. The compressed mixing is performed by a

random projection, expressed as

p = Φx (1)

where x =
[
xT
1 , · · · ,xT

n

] ∈ R
n×L consists of n data sets

and p ∈ R
m×L has m compressed and combined version of
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Fig. 2. Compressed mixing scheme and sparsity characteristics in Ψ domain.

x. Random projection scheme plays the same role of RLNC

because data is multiplied by coefficients that are randomly

selected and then combined. Φ(∈ R
m×n) is a compression

coefficient matrix, which consists of random coefficients. As

shown in (1), it can reduce the number of data sets from n to

m (m < n), where m is determined by considering packet loss

rate of network conditions. The results from (1), each element

in p has compressed and combined information about n data

sets of x. The compressed mixing scheme is depicted in Fig. 2.

The compression coefficient matrix Φ, also referred to as

sensing matrix, that satisfies restricted isometry property (RIP)

is used as a coefficient matrix in RLNC. Formally, m × n
compression coefficient matrix Φ with normalized row (i.e.,∑n

j=1 Φ
2
i,j =1 for i = 1, 2, . . . ,m) is said to satisfy the RIP

of order k if (1 − δk)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δk)‖x‖22 holds

simultaneously for all k-sparse row vectors of x for sufficiently

small values of δk as in [20]. If this property holds, all subsets

of k columns taken from Φ are in fact nearly orthogonal. It

has been established that m × n matrices whose entries are

i.i.d. realizations of zero-mean random variables with variance

1/m satisfy the RIP with very high probability.

Note that unlike compressed sensing theory, where the goal

of random projection is to reduce the size of a single data

set so that the size of data x becomes from n× L to n× L′

(L′ < L), the goal of the proposed approach is to reduce the

number of data set, i.e., the size of x becomes from n×L to

m× L (m < n).

Before the data is forwarded to intermediate nodes that

perform RLNC in GF, a step for field conversion from R to

GF is necessary at the source node, which is expressed as

y(t) = 1RG(Q[p− pmin]), for t =1 (2)

where y(t) denotes an encoded data at the tth hop node.

Since the source node can be considered as the first hop,

the encoded data at the source node is denoted by y(1) (i.e.,

t = 1 in (2)). As shown in (2), y(1)(∈ GFm×L) is a field-

converted version of p which is shifted by pmin (minimum

value in p) and quantized by Q. The quantization function

Q[·] returns a nearest GF element of an input. In order to

clearly specify whether a data is in R or GF, we deploy an

identity function [6], defined as

{
1RG : R→ GF, 1RG(p) = y(1)
1GR : GF → R, 1GR(y(1)) = p

(3)

which means that y(1) is an element in GF representing p.

C. Packet Expansion using RLNC and Packet Formation

From the source node, y(1) is transmitted to intermediate

nodes. Then, an encoded output from an intermediate node at

t-th (t ≥ 2) hop is denoted by y(t)(∈ GFn×L). y(t) has n
data sets and each data set represents a packet. Each packet

has L elements, i.e., y(t)T = [y1(t), · · · ,yn(t)] and yi(t) =

[y
(1)
i (t), · · · , y(L)

i (t)].

An intermediate node at tth hop recombines incoming m
packets in ỹ(t − 1) and reproduces n packets y(t) such that

m < n based on

y(t) = C(t)
 ỹ(t− 1)

where 
 denotes the multiplication between matrices in

GF and C(t)(∈ GFn×m) is a random coefficient matrix

defined as C(t) = [c1(t), · · · , cm(t)], where ci(t)
T =

[c
(1)
i (t), · · · , c(n)i (t)] for 1 ≤ i ≤ m. The n packets (y(t))

are transmitted to the next nodes and the same procedures

are performed repeatedly. Therefore, these steps guarantee to

overcome all-or-nothing problem if the total number of packet

loss is less than n−m packets.

More specifically, an element y
(b)
a (t) for arbitrary numbers

a and b in y(t) can be generated as,

y(b)a (t) =

m∑
i=1

⊕
{c(a)i (t)⊗ ỹ

(b)
i (t− 1)} (4)

� {c(a)1 (t)⊗ ỹ
(b)
1 (t− 1)}

⊕ · · · ⊕ {c(a)m (t)⊗ ỹ(b)m (t− 1)}

where ⊕ and ⊗ denote the operations of addition and mul-

tiplication in GF, respectively, and ⊕ in GF is performed by

the logical bitwise exclusive-OR (XOR) operator for binary

numbers. y(t) and c(t) are always considered as elements

in GF. The coding coefficients are uniformly and randomly

chosen from GF with size 2M , denoted by GF(2M ).

An encoded data is encapsulated with coefficients that are

included as a header of a packet. At the t+1th node, the first
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Fig. 3. Packet structure and packet transmission scheme

incoming m packets ỹ(t) can be expressed as

ỹ(t) = C̃(t)
 ỹ(t− 1) (5)

= C̃(t)
 C̃(t− 1)
 y(t− 2)

= · · ·

=

(
t∏

i=2

⊙
C̃(i)

)

 y(1)

= C̃(2,t) 
 y(1).

Therefore, a packet that consists of yi(t) and
∏m

j=2

⊙
c̃
(i)
j (t)

is transmitted to the next hop. This is illustrated in Fig. 3.

D. Decoding Process at Client Node

In decoding process, the first incoming m packets, pmin and

Φ are necessary for the recovery of source data. As assumed,

Ψ is known parameter at the decoder.

If the decoder receives m packets, coding coefficient matrix

C̃(2,t) is full-rank. Thus, y(1) can be uniquely determined as

ŷ(1) = C̃−1
(2,t) 
 ỹ(t) (6)

because the inverse of a coding coefficient matrix C̃−1
(2,t) is

uniquely determined1. The inverse of a coding coefficient

matrix can be efficiently implemented based on well-known

methods such as the Gaussian elimination over GF.

Then, p̂ can be obtained by l1-norm minimization with ŷ(1)
and field-conversion from GF to R, i.e.,

p̂ = 1GR(ŷ(1)) + pmin. (7)

Since p̂ is a compressed and combined version of x̂, l1-norm

(‖·‖1) minimization can find a sparse solution as long as Ψ
satisfies the RIP. This is because p̂ is generated by several n
dimensional vectors x̂, however, the RIP of Φ implies that only

one of them is sparse. Therefore, given p = ΦsΨT , the un-

known set of k-sparse vectors (i.e., s(∈ R
n×L) = [sT1 , · · · , sTn ]

with k non-zero elements) can be exactly reconstructed as

1In this paper, f̂ denotes the estimate (i.e, decoded) of f .

the unique solution ŝ by solving the following optimization

problem:
minimize

ŝ
‖ŝ‖1

subject to p = ΦŝΨT .
(8)

From (1), x can be uniquely determined as x̂ = ŝΨT .

III. PERFORMANCE EVALUATION

In this section, we evaluate the performance of the proposed

design in terms of data size. We further implement an appli-

cation of image delivery and present experimental results.

A. Analysis on the Size of Payload

In this section, we analyze the size of payload if RLNC is

performed in two different fields: R and GF. RLNC in GF is

shown in (4) and RLNC in R can be expressed as

y(b)a (t) =

m∑
i=1

{c(a)i (t)× ỹ
(b)
i (t− 1)}. (9)

Let lGF (t) and lR(t) be the number of bits required for y
(b)
a (t)

at tth hop if RLNC is performed in GF and R, respectively.

Assume that the number bits required for source data ỹ
(b)
i (1)

is M (e.g., lGF (1) = M and lR(1) = M ) and coefficient

c
(a)
i (t) is randomly selected in

[
0, 2M − 1

]
. If m source data

are encoded based on RLNC in GF, the number of bits required

for y
(b)
a (t) is simply M , thus,

lGF (t) = M. (10)

Thus, the number of bits required for payload over RLNC is

fixed as M . If RLNC is performed in R, the number of bits

required for y
(b)
a (t) is expressed as

lR(t+ 1) = log2

(
m · (2M − 1)(2lR(t) − 1)

)
≤ log2 m+M + lR(t) (11)

which form arithmetic sequence. Therefore, lR(t) can be

described as

lR(t) ≤ lR(1) + (t− 1)(log2 m+M)

= M + (t− 1)(log2 m+M)

= (log2 m+M)t− log2 m (12)

which is linearly increasing as t increases. Thus, the number

of bits required for payload is increasing as more nodes are

traversed in networks. Note that

lR(t)− lGF (t) = (log2 m+M)t− log2 m−M

= (log2 m+M)(t− 1) ≥ 0 (13)

because t ≥ 2. This means that the proposed approach requires

the minimum number of bits for payload by performing RLNC

in GF compared to conventional approaches where RLNC is

performed in R.

An illustrative simulation result for the analysis on the

number of bits required for payload is presented in Fig. 4.
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Fig. 4. The number of bits for payload: theoretical bounds for RLNC in R

and GF and experimental results for RLNC in R and GF when M = 7 and
m = 5.

In the simulations, the number of bits for the initial source

data is set by seven bits and random coefficients are selected

in the range of [0, 127] (i.e., M = 7). Both theoretical and

simulation results are presented if RLNC is performed in R

and GF.

The simulation results confirm the discussions mentioned

above, where the number of bits required for payload when

RLNC is performed in GF is fixed and is lower bounded

compared to the conventional approaches with RLCN in R.

Moreover, it is also confirmed that the number of bits required

for payload is linearly increasing as the number of hops

is increasing if RLNC is performed in R. Therefore, it is

necessary to perform RLNC in GF in order to fix payload

size.

In the next section, we confirm the proposed design by

implementing the system using image data.

B. Illustrative Example: Image Delivery

In this section, we deploy the proposed approach in image

delivery application and compare the performances achieved

conventional approaches.

In the experiment, n independent source data sets are com-

pressed and combined together, and transmitted to a destina-

tion node (decoder) over error-prone network where the packet

loss rate is determined by σ(%). In the proposed approach,

the parameter m, which is the number of packets arrived in

the decoder, should be determined considering packet loss

rate of channel condition as satisfying m ≤ n × σ
100 , such

that all-or-nothing problem can be prevented. Hence, at the

source node, n source data sets are mixed and compressed into

m packets. Compression coefficient matrix Φ is determined

by zero mean i.i.d. Gaussian measurements that satisfies the

RIP conditions with high probability and the size of Φ is

determined by compression rate (m/n). The m compressed

packets are expanded to n packets at every RLNC encoding

TABLE II
SIMULATION RESULTS IN PSME FOR FIG. 5.

PMSE a b c d e

Real Field 0.0189 0.0180 0.0107 0.0083 0.0122
Galois Field 0.0159 0.0167 0.0117 0.0075 0.0132

process of intermediate nodes, so that n−m packets can play

a role of protection against packet loss during transmission.

Then, first incoming m packets are mixed again based on

RLNC, resulting in n packets. At client node, first incoming m
packets are used to recover original source data based on l1-

norm minimization. Since the considered scenario is delivery

of image data, discrete Fourier transform (DFT) matrix is used

as Ψ.

Fig. 5 shows simulation results based on the proposed

approach and conventional approaches where RLNC is per-

formed in R. In this experiment, 8-bit uncompressed images

with the size of 256 × 256 are used and each image is

divided into blocks with the size of 32× 32 before processes.

Five independent blocks from each image are mixed and

compressed to four packets and transmitted in the considered

network with σ = 20% packet loss rate (i.e., n = 5, m = 4,

σ = 20). The experiment is independently repeated for 1, 000
times and averaged results are presented in Fig. 5. In the

first row (i.e., (a-1)∼(e-1)), five distinct images are the source

data of the experiment. In the second row (i.e., (a-2)∼(e-2)),

decoded images using the conventional approach where RLNC

is performed in R are shown. The last row (i.e., (a-3)∼(e-3))

shows the images reconstructed by the proposed approach.

The corresponding performance measure, the peak mean

square error (PMSE) [21] that is normalized mean square

error (MSE) based on a peak value, is shown in Table. II. As

shown in Fig. 5 and Table II, the performances achieved by

the proposed and conventional approaches are similar, while

the proposed approach can significantly reduce the number of

bits required for payload in transmission.

IV. CONCLUSION

In this paper, we propose a new design of compressed

network coding that can solve all-or-nothing problem of net-

work coding in finite fields. Motivated by compressed sensing

theory, the proposed solution compresses and mixes source

data sets such that the number of data packets can be reduced.

This allows the intermediate nodes to add redundant packets,

which plays a role of protecting the transmitted data against

packet losses in networks. Unlike prior works, the proposed

approach deploys RLNC in GF, which requires a fixed payload

size, thereby minimizing the number of transmission cost

incurred by header. The original source data can be easily

obtained based on l1-norm minimization. It is shown that the

proposed approach can achieve a similar level performance

compared to the prior works while keeping the number of bits

required for payload minimum. As a future research topic,

interplay between network coding techniques and compressed

sensing technique needs to be investigated.
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(a−1) (b−1) (c−1) (d−1) (e−1)

(a−2) (b−2) (c−2) (d−2) (e−2)

(a−3) (b−3) (c−3) (d−3) (e−3)

Original Images

Decoded images 
in Real Field

Decoded images
in Galois Field

Fig. 5. Transmitted images and decoded image in R and GF are presented. 5 original images in the first row are compressed and combined to 4 packets
and transmitted through 20% packet loss rate (i.e., n = 5, m = 4, σ = 20). DFT is used as Ψ and Φ is determined by zero mean i.i.d. Gaussian random
selection. Achieved results in real-field system are presented in the second row and results from proposed approach (in GF) are presented in the last row.
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